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We study the finite-temperature transition in a modelXY antiferromagnet on a pyrochlore lattice,
which describes the pyrochlore material Er2Ti2O7. The ordered magnetic structure selected by
thermal fluctuations is six-fold degenerate. Nevertheless, our classical Monte Carlo simulations
show that the critical behavior corresponds to the three-dimensional XY universality class. We
determine an additional critical exponent ν6 = 0.75 > ν characteristic of a dangerously irrelevant
scaling variable. Persistent thermal fluctuations in the ordered phase are revealed in Monte Carlo
simulations by the peculiar coexistence of Bragg peaks and diffuse magnetic scattering, the feature
also observed in neutron diffraction experiments.
PACS numbers: 75.50.Ee,
Introduction.—Geometrically frustrated magnets are
widely acknowledged for their exotic disordered states,
which range from classical spin ice1 to quantum spin liq-
uids with fractionalized excitations.2–4 Frustrated mag-
netic materials also feature various unusual types of or-
der. An incomplete list of such states includes fractional
magnetization plateaus,5–7 a partially ordered state,8 a
valence bond solid,9 and a quantum spin-nematic.10 A
recent example of unconventional magnetic order is pro-
vided by Er2Ti2O7. This pyrochlore material under-
goes a second-order transition at TN ≃ 1.2 K into a
non-coplanar k = 0 antiferromagnetic structure,11,12 see
Fig. 1(a). The peculiarity of this magnetic state stems
from the fact that it appears to be stabilized by quan-
tum and thermal fluctuations,13,14 a phenomenon known
as order by disorder. Despite intense theoretical and ex-
perimental studies of this and other closely related py-
rochlore materials11–29 a number of theoretical questions
concerning Er2Ti2O7 remain tantalizingly open.
One pressing issue to be addressed in the present
work is the nature of the transition at TN . This
is of interest both for the compound in question and
as a general example of fluctuation driven ordering.
The first Monte Carlo simulations on a local axis XY
pyrochlore antiferromagnet found a fluctuation-induced
first-order transition.15,16 In our previous publication we
have demonstrated that sufficiently strong anisotropic ex-
change interactions modify the transition to a continuous
one. However, the precise critical behavior has not previ-
ously been studied. Experimental measurements11,23 of
the order parameter exponent β and the specific heat ex-
ponent α indicate that the critical behavior of Er2Ti2O7
may be close to the three-dimensional (3D) XY univer-
sality class. In contrast, the ordered antiferromagnetic
structure, Fig. 1(a), breaks only a discrete Z6 symmetry.
The emergence of U(1) symmetry close to the transition
point is not entirely surprising. Renormalization-group
theory predicts that a Zq anisotropy is dangerously ir-
relevant in 3D for q ≥ 5.30,31 From a numerical point of
view, the situation remains less clear. While early Monte
Carlo results for a clock model32 and an anisotropic XY
model33 generally confirm the scaling conclusions, two
more recent studies of spin34 and orbital35 models with
Z6 symmetry find values of the critical exponents β and
η that are different from those of the 3D XY universality
class. Thus, the critical behavior of models for Er2Ti2O7
needs to be clarified from a theoretical standpoint.
Another intriguing observation from neutron diffrac-
tion experiments17 is the coexistence, below TN and in
zero magnetic field, of well-developed magnetic Bragg re-
flections and a broad diffuse scattering component. In the
following we use large-scale Monte Carlo simulations to
show that both the 3D XY universality of the transition
and the coexistence of ordered and disordered compo-
nents in the magnetic neutron scattering can be natu-
rally understood and explained in the framework of our
minimal spin model for Er2Ti2O7. They also add a new
twist to the story of a dangerously irrelevant anisotropy
in the 3D XY model.
Model.—The low-temperature magnetic properties of
Er2Ti2O7 and a number of other pyrochlore materials
are adequately represented by an effective model of in-
teracting Kramers doublets selected by a strong crys-
talline electrical field.20,21 The control parameter for
this approximation is a ratio of the exchange interac-
tion J ∼ 0.1 meV to the crystal-field gap ∆ ∼ 6 meV.11
The resulting pseudo-spin-1/2 Hamiltonian contains only
the bilinear terms that are allowed by the crystal lat-
tice symmetry.36 Several equivalent representations have
been used for this effective Hamiltonian. Below we use a
convenient vector representation:
Hˆ =
∑
〈ij〉
{
JzzS
z
i S
z
j + J⊥S
⊥
i · S⊥j + Ja⊥(S⊥i · rˆij)(S⊥j · rˆij)
+ Jz⊥
[
Szj (S
⊥
i · rˆij) + Szi (S⊥j · rˆji)
]}
. (1)
Here Szi is a spin projection onto the local trigonal axis,
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FIG. 1: (Color online) The noncoplanar magnetic structure of
Er2Ti2O7, ψ2 state (a) and the coplanar ψ3 state (b). Tem-
perature dependence of two order parametersm (full symbols)
and m6 (open symbols) for J
a
⊥ = 0.5 (c) and J
a
⊥ = 1 (d).
S⊥i is the corresponding transverse component, and rˆij is
a unit vector along the bond joining sites i and j. Savary
et al.14 used inelastic neutron scattering measurements
in magnetic field to determine the exchange parameters
corresponding to Er2Ti2O7. Changing between the two
sets of notations for coupling constants,37 we obtain J⊥ =
0.21, Ja⊥ = 0.35, Jzz = −0.025, Jz⊥ = 0.03 (all in meV).
As Jzz and Jz⊥ are small compared with the in-plane
coupling constants, they can be safely neglected. As a
result, one obtains the minimal model for Er2Ti2O7, in
which the anisotropic spin interaction are restricted to
spin components lying in the local XY planes.
Monte Carlo simulations.—We perform Monte Carlo
(MC) simulations of the classical model (1) with |Si| = 1,
Jzz = Jz⊥ = 0, and J⊥ = 1 and allowing local S
z
i fluc-
tuations, i.e., considering an effective XXZ model. The
critical behavior is expected to be the same for classical
and quantum models. Note that the high-temperature
series expansion, the only other technique suitable for
numerical investigation of anisotropic pyrochlores, gives
a reasonably accurate estimate for Tc but has been so far
unable to predict the critical properties.27
Our MC simulations were done for periodic clusters
with N = 4L3 spins for various values of the control pa-
rameter Ja⊥. We use Metropolis single spin-flip updates
restricting the spin motion to increase the acceptance
rate. In addition, micro-canonical over-relaxation steps
were added to accelerate the random walk through phase
space.38,39 Typically a measurement was taken after 5
Metropolis steps, followed by 5 over-relaxation sweeps.
This hybrid algorithm performs significantly better than
a plain Metropolis algorithm allowing us to simulate clus-
ters up to L = 30. Statistical averages and the error bars
were estimated by making 100 independent cooling runs.
The ordered magnetic state of Er2Ti2O7, [ψ2,
Fig. 1(a)], transforms according to the two-component E
(Γ5) irreducible representation of the tetrahedral point
group Td. A competing coplanar state ψ3 is shown
in Fig. 1(b). The two states form a basis of the E-
representation such that ψ2 ∼ (2z2 − x2 − y2) and
ψ3 ∼ (x2−y2). Accordingly, any lowest-energy spin con-
figuration may be linearly decomposed into
mx =
1
N
∑
i
Si · xˆn , my = 1
N
∑
i
Si · yˆn , (2)
where the orthogonal axes xˆn ⊥ yˆn on each site of a tetra-
hedron coincide with spin directions for the two states in
Fig. 1. Our MC simulations measure statistical averages
of m = (m2x +m
2
y)
1/2 and
m6 = [(mx + imy)
6 + (mx − imy)6]/(2m5) . (3)
The total order parameter m gives the sublattice magne-
tization, whereas the clock-type order parameter m6 =
m cos 6θ distinguishes between ψ2 and ψ3 states: it is
positive for the six non-coplanar ψ2 states, θk = pik/3,
k = 0, . . . , 5, and negative for the coplanar ψ3 structures
with θk = pi(1 + 2k)/6.
Figures 1(c) and 1(d) show the temperature depen-
dence of the two order parameters for Ja⊥ = 0.5 and 1. In
each case the transition temperatures, denoted by verti-
cal dashed lines were obtained from the crossing points
of the Binder cumulants UL = 〈m4〉/〈m2〉2 for different
cluster sizes L. We find the clock order parameter m6 to
be positive confirming selection of the ψ2 state by ther-
mal fluctuations.13,16 However,m6 is strongly suppressed
near Tc and grows as the system size increases at fixed
T < Tc.
Scaling arguments31,33 suggest the following finite size
behavior of the two order parameters near the transition:
m = L−β/νf(τL1/ν) , m6 = L
−β/νg(τL1/ν6) , (4)
where τ = (Tc − T )/Tc. It is expected that m and m6
have the same critical exponent β, and a leading system
3= 6L = 30L
FIG. 2: (Color online) The distribution function P (mx,my)
for clusters with L = 6 (left panel) and L = 30 (right panel)
measured at T = 0.5 (Ja⊥ = 1).
size dependence in the critical region, scaling as L−β/ν.
However, since the Z6 anisotropy is dangerously irrele-
vant in 3D one expects the scaling function to be con-
trolled by a second divergent length scale: While the
correlation length for m is ξ ∼ |τ |−ν with the standard
XY value for ν,40 the clock order parameter m6 only be-
comes nonzero above a larger length scale ξ6 ∼ |τ |−ν6
with a6 = ν6/ν > 1. This new scale can be inter-
preted as a width of a domain wall between different ψ2
states. Inside the domain wall, the order parameter angle
θ smoothly varies and is not fixed to any discrete value.
Consequently, MC simulations of clusters with L < ξ6 ex-
hibit behavior typical of a U(1) symmetric model showing
a finite value of m6 only once the cluster size L exceeds a
temperature dependent scale ξ6, see Figs. 1(c) and 1(d).
We illustrate the above behavior by showing in
Fig. 2 histograms for the order parameter distribution
P (mx,my) obtained for J
a
⊥ = 1 on a small L = 6 and a
large L = 30 cluster at T = 0.5 with Tc = 0.665. The
radius of the distribution gives the average order param-
eter 〈m〉 and does not change appreciably between the
two clusters. The angular dependence of P (mx,my) is,
however, very different in the two cases. It is almost per-
fectly uniform for the small lattice, whereas the larger
system exhibits pronounced peaks corresponding to the
six domains of the ψ2 state.
Critical exponents.—The finite-size scaling hypothesis
yields UL = f˜(τL
1/ν) for the Binder cumulant near the
transition, |τ | ≪ 1. Hence, detailed study of UL allows
us to determine both Tc and ν. Using small temperature
steps and cluster sizes up to L = 24 we have determined
Tc = 0.4454(1) for J
a
⊥ = 0.5 (see the Supplemental Ma-
terial for further details37). As shown in Fig. 3(a), an
excellent data collapse is obtained for this value of Tc
with ν = 0.672, the best estimate for the 3D XY univer-
sality class.40
Furthermore, in Fig. 3(b), we find a very good collapse
of the order parameter data plotted as mLβ/ν vs. τL1/ν ,
with β/ν = 0.519, corresponding to the 3D XY model:
β = 0.348 and from scaling relations, η = 0.038. In the
Supplemental Material we present results of an alterna-
tive analysis, which independently confirm the estimates
for ν and η for this and other values of Ja⊥.
37 Hence, the
above results unambiguously establish that the transition
-0.4 -0.2 0 0.2 0.4
(T-Tc)L1/ν
1
1.2
1.4
1.6
1.8
U
4
L = 8
L = 12
L = 16
L = 20
L = 24
(a)
-0.8 -0.4 0 0.4 0.8
(T-Tc)L1/ν
0.5
1
1.5
m
Lβ
/ν
L = 8
L = 12
L = 16
L = 20
L = 24
(b)
β/ν = 0.519
ν = 0.672
-1.0 -0.5 0.0
(T-Tc)L1/ν6
0.00
0.04
0.08
m
6
Lβ
/ν
L = 8
L = 12
L = 16
L = 20
L = 24
(c)
ν6 = 0.75
β/ν = 0.519
FIG. 3: (Color online) Finite-size scaling of the Monte Carlo
data for the Binder cumulant UL (a), the total order param-
eter m (b), and the clock order parameter m6 (c) using 3D
XY critical exponents β and ν with Tc = 0.4454 (J
a
⊥ = 0.5).
occurring in the spin model for Er2Ti2O7 falls in the the
3D XY universality class.
A similar scaling analysis of the MC data for m6 al-
lows us to determine the extra exponent ν6. Using the
standard value for β/ν we obtain good data collapse for
ν6 = 0.75(2) shown in Fig. 3(c). This value differs sharply
from ν6 ≈ 1.6 obtained by Lou et al.,33 who studied the
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FIG. 4: (Color online) Magnetic structure factor in the vicin-
ity of the (2,2,0) Bragg reflection obtained at T = 0.5 for
Ja⊥ = 1. The dashed line shows (q − 2)
−2 fit for the diffuse
scattering wing.
XY model on a cubic lattice, perturbed by a hexagonal
anisotropy. That is, the entropically driven six-fold per-
turbation in the present model appears to be more dan-
gerous than the corresponding energy perturbation. This
is surprising, particularly so, given the observed small
values for m6 compared to m near the transition, which
confirms the weak nature of the entropic perturbation.
Interestingly, our value of a6 = ν6/ν ≈ 1.12 appears to
be closer to the value a6 ≈ 1.3 found for an orbital model
with the same Z6 symmetry.
35 In the Supplemental Ma-
terial we present additional MC data for Ja⊥ = 1, which
show that ν6 does not change with a varying strength
of the effective Z6 anisotropy.
37 Thus, the question of
universality for the critical exponent ν6 in different real-
izations of 3D Z6 models appears to be an open one.
Neutron scattering.—We now turn to the peculiar line
shape for the magnetic Bragg peaks observed by Ruff
et al. in neutron diffraction experiments on Er2Ti2O7.
17
Measuring the elastic signal at T = 50 mK in the vicinity
of the (2,2,0) Bragg reflection, they found that the resolu-
tion limited peak indicative of true long-range magnetic
order coexists with broad diffuse wings characteristic of
short-range spin-liquid like correlations. The elastic scat-
tering can be simulated within the static approximation
through the structure factor
S(q) =
1
N
∑
i,j
eiq·(ri−rj)〈S⊥i · S⊥j 〉 . (5)
where S⊥i now are spin components perpendicular to the
wavevector. Equating this to the scattering function cor-
responds to setting the magnetic form factor equal to
unity. In the following we adopt the standard conven-
tion for pyrochlore antiferromagnets, giving wavevectors
in units of 2pi/a, where a is a linear size of the cubic cell
containing 16 magnetic ions.
Figure 4 shows MC results for S(q) on a logarithmic
scale in the vicinity of the Q = (2, 2, 0) reflection ob-
tained at T = 0.5 for Ja⊥ = 1 on three large clusters.
The Bragg peak has a width ∝ 1/L. After a pronounced
dip, the magnetic structure factor displays a few damped
finite-size oscillations with period ∆q = 1/L. Besides
that S(q) has a finite diffuse component, which gradu-
ally decreases with the distance from the Bragg peak.
The intensity in the scattering wing follows a power law
S(Q+ q) ∼ 1/qn with n ≈ 2. The corresponding fit is
shown by a dashed line in Fig. 4.
This general behavior closely resembles the experimen-
tal profile of the (2,2,0) peak in Er2Ti2O7.
17 Additional
MC simulations included in Supplemental Material37
show that the form of the diffuse scattering wings is
maintained as the temperature is lowered but that the
intensity is reduced by a factor of 4 between T = 0.5
and T = 0.3 (Tc = 0.636). The persistence of the dif-
fuse scattering is consistent with the phenomenon of or-
der stabilized through fluctuations, with the temperature
dependence being indicative of a thermal process. In con-
trast, the anomalous intensity wings have been observed
experimentally at T = 50 mK≪ TN . We interpret this
as a manifestation of the quantum dynamics, which are
present in the original effective spin-1/2 model (1) for
Er2Ti2O7, providing evidence that, at low temperature
the order is indeed maintained by quantum fluctuations,
as has been previously proposed.11,13,14 Finally, we re-
mark that a similar profile for the Bragg peaks was ob-
served in Tb2Sn2O7,
41 in which ferromagnetically aligned
z components of magnetic ions coexist with antiferromag-
netic ordering of transverse components.
Conclusions.—The model of anisotropic XY py-
rochlore antiferromagnet has been shown to reproduce es-
sentially all experimental features of the frustrated mag-
netic material, Er2Ti2O7, including a second order phase
transition to the six-fold symmetric ψ2 state, driven by
an order by disorder mechanism. Our extensive Monte
Carlo simulations provide convincing evidence that the
transition falls into the universality class of an emergent
XY symmetry. The underlying discrete symmetry man-
ifests itself at the transition as a dangerously irrelevant
scaling variable. The scaling is found to be more dan-
gerous than in the previously studied case of energetic
perturbation,31,33 despite a very weak onset of six-fold
ordering in the critical region. Future work could inves-
tigate the role of entropic forces for this apparently non-
universal dangerous irrelevance by, for example, study-
ing a clock model with the same Hamiltonian. Simulated
neutron scattering patterns below the transition show the
coexistence of both Bragg peaks and an extensive back-
ground of diffuse scattering characteristic of spin liquid
behavior in good agreement with experiment. While in
the experiment the diffuse scattering persists down to low
temperature, it weakens in our classical system providing
evidence of the presence of extensive quantum fluctua-
tions in Er2Ti2O7.
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I. EFFECTIVE SPIN HAMILTONIAN
The rare-earth magnetic ions in pyrochlore materials are subject to a strong crystalline electrical field with trigonal
symmetry. As a result, the energy levels of Er3+ ions with J = 15/2 are split into eight Kramers doublets. At
temperatures below the crystal-field splitting energy scale the erbium magnetic moments can be represented by
effective pseudo-spin-1/2 operators. The effective exchange Hamiltonian is a bilinear form of these operators which
is symmetric under corresponding crystal-lattice transformations. In order to determine the most general form of
anisotropic exchange interaction, let us consider a pair of magnetic ions placed in the positions
r1 = (0, 0, 0) and r2 = (1/4, 1/4, 0) . (6)
The local bond frame consists of xˆ0 pointing along the bond and zˆ0 in the direction of the four-fold cubic axis
orthogonal to the bond:
xˆ0 =
1√
2
(1, 1, 0) , yˆ0 =
1√
2
(−1, 1, 0) , zˆ0 = (0, 0, 1) . (7)
The bond Hamiltonian is symmetric under the reflection σˆy, y → −y, and the two-fold rotation about zˆ0, C2z : x→ −x,
1↔ 2. As a result,
Hˆ12 = Jx0x0Sx01 Sx02 + Jy0y0Sy01 Sy02 + Jz0z0Sz01 Sz02 +D(Sz01 Sx02 − Sx01 Sz02 ) . (8)
Thus, the bond Hamiltonian is parameterized by four independent interaction constants, cf. [1]. The first three terms
in (8) are symmetric under permutation of spins and describe the anisotropic exchange interactions, whereas the last
antisymmetric term corresponds to the Dzyaloshinskii-Moriya (DM) interaction. In agreement with Ref. [2], the DM
vector for a given bond is parallel to the opposite bond of the same tetrahedron.
For pyrochlore materials with pronounced Ising or planar anisotropy it is convenient to transform to a local basis
with zˆi being oriented along the trigonal axis on each site. For the pair of spins (6), a suitable choice of the local axes
is
xˆ1 =
1√
6
(1, 1,−2) , yˆ1 = 1√
2
(−1, 1, 0) , zˆ1 = 1√
3
(1, 1, 1) ,
xˆ2 =
1√
6
(−1,−1,−2) , yˆ2 = 1√
2
(1,−1, 0) , zˆ2 = 1√
3
(−1,−1, 1) . (9)
The bond Hamiltonian (8) transforms into
Hˆ12 = JxxSx1Sx2 + JyySy1Sy2 + JzzSz1Sz2 + Jxz(Sz1Sx2 + Sx1Sz2 ) (10)
in the new basis. Due to staggered local axes, the antisymmetric DM term acquires a symmetric form in this basis.
Extending (10) over the whole lattice we write, following our previous work [3]
Hˆ =
∑
〈ij〉
{
JzzS
z
i S
z
j + J⊥S
⊥
i · S⊥j + Ja⊥(S⊥i · rˆij)(S⊥j · rˆij) + Jz⊥
[
Szj (S
⊥
i · rˆij) + Szi (S⊥j · rˆji)
]}
, (11)
where S⊥i are spin components perpendicular to the local trigonal axes zi and rˆij is a unit vector in the bond direction.
Using the coupling constants defined by Eq. (11), the bond Hamiltonian for a pair of spins (6) in the basis (9) can be
once more expressed as
Hˆ12 = JzzSz1Sz2 − J⊥Sy1Sy2 +
1
3
(J⊥ − Ja⊥)Sx1Sx2 +
1√
3
Jz⊥(S
z
1S
x
2 + S
x
1S
z
2 ) . (12)
7An alternative form for the effective Hamiltonian for a spin-1/2 anisotropic pyrochlore antiferromagnet has been
used in [4-6]:
Hˆ =
∑
〈ij〉
{
JzzS
z
i S
z
j − J±(S+i S−j + S−i S+j ) + J±±(γijS+i S+j + γ∗ijS−i S−j ) + Jz±
[
Szj (ζijS
+
i + ζ
∗
ijS
−
i ) + i↔ j
]}
,(13)
where γij = e
2piin/3 and ζij = −γ∗ij depending on the bond direction. For the axes choice (9) one has γ12 = −ζ12 = 1.
Substituting this into Eq. (13) and comparing to (12) we obtain the following relation between the two sets of exchange
parameters:
J⊥ = 2(J± + J±±) , J
a
⊥ = 8J± − 4J±± , Jz⊥ = −2
√
3Jz± . (14)
Using inelastic neutron-scattering in strong magnetic field, Savary et al. [6] estimated the exchange constants in
Er2Ti2O7 as
J± = 6.5± 0.75 , J±± = 4.2± 0.5 , Jzz = −2.5± 1.8 , Jz± = −0.88± 1.5 , in 10−2 meV . (15)
Applying (14) we obtain
J⊥ = 0.21(2) meV , J
a
⊥ = 0.35(5) meV , Jzz = −0.025(2) meV , Jz⊥ = 0.03(5) meV . (16)
The above values confirm the planar character of the interaction between Er3+ moments as well as a significant
anisotropy for the in-plane exchange constants Ja⊥/J⊥ ≈ 1.67. Our previous estimate [3] of the main exchange
parameters for Er2Ti2O7 based on zero-field magnon dispersion data by Ruff et al. [7] gives J⊥ ≈ 0.24 meV and
Ja⊥/J⊥ ≈ 1.2. There is a reasonable correspondence between the two sets of parameters. Hence, the gross features in
the behavior of Er2Ti2O7 can be explained in the model with just two exchange parameters J⊥ and J
a
⊥.
II. MONTE CARLO RESULTS
Classical Monte Carlo (MC) simulations have been performed for the XXZ spin Hamiltonian
Hˆ =
∑
〈ij〉
[
S⊥i · S⊥j + Ja⊥(S⊥i · rˆij)(S⊥j · rˆij)
]
(17)
using the hybrid algorithm described in the main text.
Temperature dependence of the two relevant order parameters for three values of Ja⊥ is shown in Figure 5. While
the total order parameter m exhibits a behavior typical of a second-order transition, the clock order parameter m6
has an anomalous temperature dependence with a remarkable inverse finite-size scaling. Such behavior is explained
by the dangerously irrelevant role of the six-fold anisotropy at a 3D XY transition and appearance of an additional
length-scale ξ6 > ξ below Tc. The temperature interval, where m6 is suppressed compared to m, grows with increasing
Ja⊥. This tendency is explained by a reduction of the effective effective Z6 anisotropy generated by thermal as well as
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FIG. 5: Temperature dependence of the two order parameters on clusters with L = 8, 12, 16 for three different values of Ja⊥.
Full symbols correspond to m, while open symbols show m6. The vertical dashed lines indicate the respective transition
temperatures determined from the crossing points of the Binder cumulants UL.
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dependence of the Binder cumulants close to Tc. Right panel: temperature dependence of the rescaled order parameter.
by quantum fluctuations [3]. Indeed, for Ja⊥ = 4 the bond Hamiltonian (12) acquires a spurious symmetry between x
and y components such that the degeneracy between ψ2 and ψ3 states becomes exact [8].
Below we provide additional Monte Carlo data and their analysis, which further support the conclusions about the
critical behavior of the model (17) presented in the main text.
To verify the 3D XY universality of the transition we fix the exchange anisotropy parameter to Ja⊥ = 0.5, the lowest
value among three plots in Fig. 5. The entropically generated Z6 anisotropy is strongest and, hence, most relevant
for this value of Ja⊥. To determine the value of the critical exponent ν we measure, in Monte Carlo simulations, the
logarithmic derivative of the order parameter
m′log =
1
m
dm
dT
==
1
T 2
( 〈mHˆ〉
〈m〉 − 〈Hˆ〉
)
. (18)
As a function of temperature, m′log exhibits a maximum near Tc. The height of the maximum m
′
max = max{m′log}
scales with system size according to
m′max ∼ L1/ν . (19)
Thus, from the scaling of the peak data one can obtain an unbiased estimate for the critical exponent ν. The
corresponding Monte Carlo results are presented in the left panel of Figure 6. The best fit is shown by the solid line
and yields ν = 0.669(2), which nicely agrees with the 3D XY value ν = 0.672 [9].
To fully establish the universality class of the transition, we need to evaluate a second critical exponent, for
example, η. All other critical exponents can be determined using known values of η and ν from the scaling relations.
In particular, the order parameter exponent β is found from
β
ν
=
d
2
− 1 + η
2
(20)
with β/ν = 0.5 + η/2 in 3D. Thus, we shall be checking the value of β/ν = 0.519 rather than the value of η = 0.038
for the 3D XY universality class [9].
The ratio β/ν enters the finite-size scaling law for m:
m = L−β/νf(τL1/ν) (21)
with τ = T − Tc, see, e.g., [10]. Hence, by plotting mLβ/ν versus T for various system sizes with the correct value of
β/ν one should obtain crossing of different curves at T = Tc, very similar to the standard procedure widely adopted
for Binder cumulants.
Before using the above approach for the rescaled order parameter one needs to obtain an independent estimate for
the transition temperature. The central panel of Fig. 6 shows the Binder cumulants UL(T ) = 〈m4〉/〈m2〉2 close to Tc.
From the crossing point we obtain an accurate value of the critical temperature TUc ≈ 0.4454(1). The right panel of
the same Figure presents the MC data for the scaled order parameter mLβ/ν with β/ν = 0.519 corresponding to the
3D XY value of η = 0.038, see [9]. The curves corresponding to different linear sizes L cross at Tmc ≈ 0.4453(1). The
remarkable closeness of the two estimates for the transition temperature, TUc and T
m
c , may be used as a quantitative
confirmation of the 3D XY value for η.
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FIG. 7: Monte Carlo results for the model (17) with Ja⊥ = 1. Finite-size scaling of the Binder cumulants UL (left panel), the
total order parameter m (central panel), and the clock order parameter m6 (right panel) using the 3D XY critical exponents
β and ν with Tc = 0.636.
To conclude the analysis, we give a brief check of the critical behavior for another value of Ja⊥ = 1. Figure 7 shows
standard data collapse plots for the Binder cumulants (left panel) and the order parameter (central panel) obtained
with the 3D XY values of ν and β and Tc = 0.636. This perfect data collapse further confirms the expected irrelevance
of the anisotropy in 3D. A similar scaling analysis of the MC data for the clock order parameter m6 is shown in the
right panel. A good data collapse is obtained with ν6 = 0.75(2), the same value as for J
a
⊥ = 0.5 (see the main text).
A somewhat larger statistical scattering of the MC data for Ja⊥ = 1 compared to J
a
⊥ = 0.5 (main text, Fig. 3(c))
appears because of the much smaller values of m6 in the vicinity of Tc, see Fig. 5. Thus, the critical properties of the
clock order parameter appear to be independent of the strength of the anisotropic exchange Ja⊥.
To finish the discussion of the transition in the anisotropic XY pyrochlore antiferromagnet (17) we show in the left
panel of Fig. 8 the dependence of Tc on the anisotropy parameter J
a
⊥. The open circle shows an approximate position
of the tricritical point (J∗, T ∗) ≈ (0.1, 0.218). For 0 < Ja⊥ < J∗ the transition into the ψ2 state is of the first order,
whereas for Ja⊥ > J
∗ it becomes to be a second order transition.
Finally, we show in the right panel of Figure 8 the temperature dependence of the diffuse scattering intensity in
the vicinity of the (2,2,0) magnetic Bragg peak. Our classical Monte Carlo results for S(q) strongly resemble the
experimental neutron data of Ruff et al. [7] on the coexistence of static magnetic order and the diffuse magnetic
component in Er2Ti2O7. For the classical model (17) the shape of the diffuse wing stays approximately constant
with S(q) ≈ 1/(q− 2)2 power law decay, whereas the intensity is significantly reduced with lowering T . We interpret
the persistent presence of the diffuse scattering below TN as being due to short-wavelength fluctuations, which are
responsible for the order by disorder selection in the anisotropic XY pyrochlore antiferromagnet (11).
0 0.5 1 1.5 2
J⊥
a
0
0.2
0.4
0.6
0.8
1
T c
2 2.05 2.1 2.15 2.2
[q q 0]
100
102
104
S(q
)
TN = 0.636 
T = 0.6
T = 0.5
T = 0.4
T = 0.3
L = 30
FIG. 8: Left panel: Dependence of the transition temperature Tc versus the anisotropy parameter J
a
⊥ (both in units of J⊥)
for the anisotropic XY pyrochlore (17). Right panel: Temperature variations of the magnetic structure factor in the vicinity
of the (2,2,0) Bragg reflection obtained on a cluster with the linear size L = 30 (Ja⊥ = 1).
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